A REMARK ON INVARIANT DIFFERENTIAL OPERATORS ON 
THE MINKOWSKI-EUCLID SPACE P„ x R(™'") 

JAE-HYUN YANG 

Abstract. For two positive integers m and n, we let Pn be the open convex cone 
in IR"("+i)/2 consisting of positive definite n x n real symmetric matrices and let 
R'^™'") be the set of all to x n real matrices. In this article, we investigate differential 
operators on the non-reductive manifold P„ x R(™^") that are invariant under the 
natural action of the semidirect product group GL{n, M) x M^™'") on the Minkowski- 
Euclid space Vn x R*-™'"'^. These invariant differential operators play an important 
role in the theory of automorphic forms on GL{n,R) x r(™'") generlaizing that of 
automorphic forms on GL(ri,R). 



1. Introduction 

We let 

Vn = {Y e M^"'") I F = *F > } 
be the open convex cone of positive definite symmetric real matrices of degree n in 
the Euclidean space M"("+^)/2, where F'-*^''-' denotes the set of all x / matrices with 
entries in a commutative ring F for two positive integers k and / and *M denotes the 
transposed matrix of a matrix M. Then the general linear group GL{n, M) acts on 
Vn naturally and transitively by 

(1.1) g-Y = gY'g, g e GL{n,R), Y e Vn. 

Therefore Vn is a symmetic space which is diffeomorphic to the quotient space 
GL{n,M.)/0{n), where 0{n) denotes the orthogonal group of degree n. A. Selberg [9] 
investigated differential operators on Vn invariant under the action (1.1) of GL{n, M) 
(cf. [6,7]). 

We let 

GLn,m = GL{n,R) x R(™'") 
be the semidirect product of GL{n,M) and the additive group M^*"'") equipped with 
the following multiplication law 

{g,X)-{h,fi) = {gh,X%-' + fi), 

where g,h G GL{n,M) and A,/i G M*^™'"-). Then we have the natural action of GLn,m 
on the non-reductive manifold Vn x M^™'"^ given by 

(1.2) {g,X)-{Y,V) = {gY'g,{V + X)'g), 
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where g G GL(n,M), A G M^™-"), Y e Vn and 1/ G R(™'"). 

For brevity, we set Vn,m = "^n x M*-™'"-' and K = 0{n). Since the action (1.2) of 
GLn,m is transitive, Vn,m is diffeomorphic to GLn,m/K. We observe that the action 
(1.2) of GLn,m generalizes the action (1.1) of GL(n, R). 

The reason why we study the non-reductive manifold Vn,m i^ay be explained as 
follows. Let 



be the arithmetic subgroup of GL^.m, where Z is the ring of integers. The arithmetic 
quotient GLn,m{'^)\Pn,m may be regarded as the universal family of real tori in the 
following sense. If Q G Vn, then = Z("^'")0 + Z^'"''*) is a lattice in R(™'"). So 
Tq — R("*'") / Lq is the real torus of dimension mn. I propose to name the space Vn,m 
the Minkowski-Euclid space because H. Minkowski [8] found a fundamental domain 
for Vn with respect to the arithmetic subgroup GL{n, Z) by means of the reduction 
theory. In this setting, using the invariant differential operators on Vn,m, we may 
develop the theory of automorphic forms on GLn^m generalizing that on GL{n, R). 

The aim of this paper is to study differential operators on Vn,m which are invariant 
under the action (1.2) of GLn,m- This article is organized as follows. In Section 2, 
we review differential operators on Vn invariant under the action (1.1) of GL{n,M.). 
In Section 3, wc investigate differential operators on Vn,m invariant under the action 
(1.2) of GLn^m- At this moment it is quite complicated and difficult to find the 
generators of the algebra of all invariant differential operators on Vn,m- Wc present 
some explicit invariant differntial operators which might be useful. In Section 4, we 
deal with the special cases n — 1 and n = 2 in detail as examples. 

2. Review on Invariant Differential Operators on Vn 

For a variable Y — (i/ij) G we set 



G'L„,^(Z)=G'L(n,Z)KZ(-'") 



dY — {dyij) and 





YeVn. 



Then 

(2.1) dY^^gdY^g and 




-1 



* 



We consider the following differential operators 



(2.2) 
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where tr(y4) denotes the trace of a square matrix A. By Formula (2.1), we get 



for any g G GL{n, M). So each Di is invariant under the action (1.1) of GL{n, M). 
Selberg [9] proved the following. 

Theorem 2.1. The algebra D(P„) of all differential operators on Vn invariant under 
the action (1.1) ofGL{n. M) is generated by Di, D2, ■ ■ ■ , Dn- Furthermore Di, D2, ■ ■ ■ , 
Dn are algebraically independent and D(P„) is isomorphic to the commutative ring 
'C[xi,X2, ■ ■ ■ , Xn] with n indeterminates Xi,X2, - ■ ■ ,Xn. 

Proof. The proof can be found in [4], p. 337, [7], pp. 64-66 and [10], pp. 29-30. The 
last statement follows immediately from the work of Harish-Chandra [1,2] or [4], 
p. 294. □ 

Let g = R^"'") be the Lie algebra of GL{n, M) with the usual matrix Lie bracket. 
The adjoint representation Ad of GL{n, K) is given by 

Ad(^) = gXg-\ g e GL{n, R), X e g. 

The Killing form S of g is given by 

B{X,Y) = 2ntr(Xr) - 2tr(X)tr(F), X,Y e 9. 

Since B{aIn,X) = for all a e M and X e g, B is degenerate. So gl(n, M) is not 
semi-simple. 

The Lie algebra fi of X is 

t^{X eg\X+^X ^0}. 
We let p be the subspace of q defined by 

p = [X eqI X = ^x e M^'''") } . 

Then 

= e©p 

is the direct sum of t and p. Since Ad(/c)p C p for any k e K, K acts on p via the 
adjoint representation by 

(2.3) k-X^ Ad{k)X ^kX%, k e K, X e p. 

The action (2.3) induces the action of K on the polynomial algebra Pol(p) of p and 
the symmetric algebra S{p). We denote by Pol(p)^ (resp. -S'(p)^) the subalgebra of 
Pol(p) (rcsp. S{p)) consisting of all X-invariants. The following inner product ( , ) 
on p defined by 

(X,F)= tr(XF), X,Yep 
gives an isomorphism as vector spaces 

(2.4) p-p*, X^fx, xep, 
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where p* denotes the dual space of p and fx is the hnear functional on p defined by 

fx{Y)^{Y,X), Yep. 

It is known that there is a canonical linear bijection of S{p)^ onto D(P„). Identifying 
p with p* by the above isomorphism (2.4), we get a canonical linear bijection 

(2.5) $ : Pol(p)^ B{Vn) 

of Pol(p)^ onto Bi{Vn)- The map $ is described explicitly as follows. We put N — 
n{n + l)/2. Let I 1 < a < AT } be a basis of p. If P e Pol(p)^, then 

(2.6) {^{P)f){gK) = P (^A^ / ll^exp (^Ua^ K 

where / G C°°(P„). We refer to [3,4] for more detail. In general, it is very hard to 
express $(P) explicitly for a polynomial P e Pol(p)^. 
We let 

(2.7) qi{X)^ii{X'), i = l,2,---,n 

be the polynomials on p. Here we take a coordinate xn, a;i2, • • • , Xnn in P given by 



X = 



2^12 X22 



2*^271 



For any k & K, 



(k ■ q,){X) = q^ik-'Xk) = tr{k-'X'k) = g,(X), ^ = 1,2, ■ ■ ■ ,n. 

Thus qi G Pol(p)^ for i = 1, 2, ■ ■ ■ ,n. By a classical invariant theory (cf. [5, 11]), we 
can prove that the algebra Pol(p)^ is generated by the polynomials q'l, 52, • " " ^Qn and 
that 5i, ^2, • ■ ■ jQn are algebraically independent. Using Formula (2.6), we can show 
without difficulty that 



$(gi) = tr 2r 



d_ 

dY 

However ^{qi) (i = 2, 3, ■ ■ ■ , n) are still not known explicitly. 

We propose the following conjecture. 
Conjecture. For any n, 



1,2,--- ,n. 



Remark. The author checked that the above conjecture is true for n = 1,2. 
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For a positive real number A, 

dsl.j^ = A ■ iY{Y-UY Y-^Y) 

is a Riemannian metric on Vn invariant under the action (1.1). The Laplacian A„.^ 
of dsl.A is 

1 I f d ^ 

For instance, we consider the case n — 2 and A > 0. If we write for Y 

a Id 

, .... ^i: 

,y3 y2 J dY 



Y=(y' y^] and = W 



1 a a / ) 

2 dys ay2 



then 



dsl^ = AtT{Y-^dYY-'^dY) 

= 7 ;T2 {yl dyl + yj dyl + 2 (1/1I/2 + y^) d?/^ 

{yiy2-yi) 

and its Laplacian A2 A on V2 is 



1 2 92 2 92 1. 2, 92 

^ / 2 92 



'dyidy2 dyidy^ dy2dyz 

3/(9 d d 



3. Invariant Differential Operators on Vr 

For a variable (F, V) e T^^.m with y e P„ and F e M^'"'"), we put 

^ = {yij) with = yji, V = (vfci), 

= {dy^j), dV = (dvki), 
[dY] = Ai<jdyij, [dV] = Ak,idvki, 
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and 

d fl + 5ij d \ d f d 



dY V 2 dV \dvki, 

where 1 < i,j,l < n and 1 < k < m. 

For a fixed element A) G GLn,m, we write 

(n, K) = (^?, A) ■ (F, V^) = ((7 r + A) 'g) , 
where (Y", V) G 'Pri,m- Then we get 

(3.1) Y^ = gY'g, V, = {V + X)'g 

and 



^^•^^ " ^ dY^ ' " 9V ^ • 



Now we give some geometric properties of Vn,m- 

Lemma 3.1. For all two positive real numbers A and B, the following metric ds"^ ^.j^ ^ 
on Vn,m defined by 

dsl,m;A,B= Aa{Y-^dYY-^dY + B (y{Y-^\dV) dV) 

is a Riemannian metric on Vn,m which is invariant under the action (1.7) of GLn^m- 
The Laplacian An,m;A,B of {Vn x M^*"'"), cis^m As) given by 



1 



Moreover An.m;A,B is a differential operator of order 2 which is invariant under the 
action (1.2) of GLn^m- 

Proof. Tlie proof can be found in [13]. □ 

Lemma 3.2. The following volume element dvn,m{Y, V) on Vn,m defined by 

dvn,m{Y^V) = {detYr'^[dY][dV] 
is invariant under the action (1.2) of GLn,m- 

Proof. The proof can be found in [13]. □ 
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Theorem 3.1. Any geodesic through the origin (/„,0) for the Riemannian metric 
ds\ is of the form 

7(t) = (A(2t)[fc], Z (^j\{t-s)d.^ [k]^ , 

where k is a fixed element of 0{n), Z is a fixed mxn real matrix, t is a real variable, 
Ai, A2, ■ ■ ■ , A„ are fixed real numbers but not all zero and 

X{t) := diag{e^^\--- ,e^"*). 

Furthermore, the tangent vector 'j' (0) of the geodesic ^{t) at {In, 0) is {D[k], Z), where 
D = diag{2Xi,--- ,2A„). 

Proof. The proof can be found in [13] . □ 

Theorem 3.2. Let {Yo,Vo) and (Yi,Vi) be two points in Vn,m- Let g be an ele- 
ment in GL{n,M.) such that Y^y^g] = In and Yil'^g] is diagonal. Then the length 
s((Fo; K))) (^1) ^1)) of the geodesic joining (Yq, Vq) and (Yi, Vi) for the GLn^m-invariant 
Riemannian metric ds'^ ^.^ ^ is given by 

.((yo,Vo),(ll,V^i)) = A|XJ(lnt,f| +Bj^ 

where Aj = YlT=i^j (1 ^ J ^ ''^) '"'^'^^ (^1 ~ M)) ^9 = (ykj) and ti, - ■ ■ ,tn denotes 
the zeros of det(tYo — Yi). 

Proof. The proof can be found in [13]. □ 



The Lie algebra of GLn.m is given by 

fl^ = I (X, Z) I X G M("'"\ Z G M^™'") } 
equipped with the following Lie bracket 

[(Xi,Zi), (X2,Z2)] = ([Xi,X2]o, Z2*Xi-Zi*X2), 

where [Xi, X2]o = X1X2— X2X1 denotes the usual matrix bracket and (Xi, Zi), (X2, Z2) G 
0^. The adjoint representation Ad* of GLn^m is given by 

(3.3) Ad.{{g,\))iX,Z) = {gXg-\ {Z - \'X)'g), 

where {g, A) G GLn^m and (X, Z) G g*. And the adjoint representation ad* of 0* on 
End (g*) is given by 

ad*((X,Z))((Xi,Zi)) = [(X,Z),(Xi,Zi)]. 
We see that the Killing form 5* of g* is given by 

5,((Xi,Zi),(X2,Z2)) = (2n + m)tr(XiX2)-2tr(Xi)tr(X2). 
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The Lie algebra t of K is 

fi= {(X,0) eg^l X+ *X = }. 
We let be the subspace of defined by 

= I (X, Z) e I X = *x e M^"'"), z e M^™-'') |. 

Then we have the following relation 

[t,t]ct and [«,pjcp*. 

In addition, we have 

0^ = t © ( the direct sum ) . 

K acts on p* via the adjoint representation Ad* of GLn^rn by 

(3.4) k-{X,Z) = {kX^k,Z*k), k e K, {X, Z) e p^. 

The action (3.4) induces the action of K on the polynomial algebra Pol(p*) of p* and 
the symmetric algebra S'(p*). We denote by Pol(p*)^ (resp. 5'(p*)^) the subalgebra 
of Pol(pyt) (resp. S{pi,)) consisting of all X-invariants. The following inner product 
( , )* on p* defined by 

((Xi, Zi), {X2, Z2))^ = tr(X,X2) + tr(Zi %), (X,, Z,), {X2, Y2) E p* 

gives an isomorphism as vector spaces 

(3.5) P, = p:, {X,Z)^fx,z, {X,Z)Ep,, 

where p* denotes the dual space of p^, and fx z is the linear functional on p* defined 

by 

/x,z((Xi,Zi)) = {iX,Z),iX^,Z^))^, (X-,, Z^) E p.. 

Let Ii{Vn,m) be the algebra of all differential operators on Vn,m that are invariant 
under the action (1.2) of GLn,m- It is known that there is a canonical linear bijection 
of S{pi,)^ onto 'B{Vn,m)- Identifying py^ with p* by the above isomorphism (3.5), we 
get a canonical linear bijection 

(3.6) e : Pol(p,)'' ^Vn,m) 

of Pol(p*)-'^ onto ^{Vn,m)- The map © is described exphcitly as follows. We put 
= n(n + l)/2 + mn. Let {r]a\ 1 < a < A^* } be a basis of p*. If P e Pol(py,)^, then 

(3.7) {e{P)f){gK)^ 

where / E C^{Vn,m)- We refer to [4], pp. 280-289. In general, it is very hard to 
express 0(P) explicitly for a polynomial P E Po^p*)"^. 



/ 5- exp taVa K 



va=l 
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We present candidates for generators of Pol(p*)^. We take a coordinate (X, Z) in 
such that 



/ Xu 2^12 • • • 



e p and Z = {zki) G 



(m,n) 



\2'^ln 2'^2n ■ ■ ■ -^nn ) 

We define the polynomials Pj, q^q^ ^pq, Rjp on by 



(3.8) 
(3.9) 

(3.10) 

(3.11) 



Pj{X,Z) = tr(X^), l<i<n, 

qpq{X,Z) = l<P<g<m, 

ep,(X,Z) = (ZX'Z)^^, l<P<q<m, 

Rjp{X,Z) = tr{X^ CZZf), l<3<n,l<p<m, 



where (Z ^Z^p^ (resp. (ZX*Z)^^) denotes the (p, g)-entry of Z^Z (resp. ZX*Z). 

For any m xm real matrix 5", we define the polynomials Mj-s, Qp;S and Ri,p,j;S on 
P* by 



(3.12) 
(3.13) 
and 
(3.14) 



Mj.siX, Z) = tr((X + 'ZSZy ) , I < j < n, 
Qp;s{X,Z) = tT{CZSZy), l<p<m 

Ri,pj.s{X,Z) = tr(x^(*Z,5Z)^'(X+ *Z5Z)^), 



where 1 < i, j < n, 1 < p < m. We see that all pj, qpq, ^pq, Rjp, Rjp, Mj-s, Qp;S 
and Ri,p,j;S are elements of Pol(p^)^. 

Wc propose the following problems. 
Problem 1. Find the generators of Pol(p*)'^^. 

Problem 2. Find an easy way to compute the images Q{pj), Q{qpq), Q{ipq), Q{Rjp), 
e{M,.s), Q{Qp;s) and Q{R^,p,r,s). 

We present some invariant differential operators on Vn,m- We define the differential 
operators Dj, ^!pq, \q and Lp on Vn,m by 



(3.15) 



(3.16) 



3 



d _V d 
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(3-17) A,,= ^ J-f2rAVYj-) ^ , l<p<q<m 



dV \ dY J \dV 



pq 



and 



(3.18) L,= tr({y'(A)A}'), 



Also we define the differential operators Sjp by 

^dV J dV j / ' 



3P 



where 1 < j < n and 1 < p < m. 

For any real matrix 5" of degree m, we define the differential operators ^j-s, Lp-s 
and by 



(3.21) L,,,= tr^y^-jS^-j| J. l<p<™ 

and 

(3.22) = 

We want to mention the special invariant differential operator on Vn,m- In [12], the 
author studied the following differential operator Mn^mM on Vn,m defined by 



_d_ 

dV 



(3.23) M^,mM = det (Y) ■ det + ^ '(^) 

where is a positive definite, symmetric half-integral matrix of degree m. This 
differential operator characterizes singular Jacobi forms. For more detail, we refer to 
[12]. According to (3.1) and (3.2), we see easily that the differential operator Mn,m,M 
is invariant under the action (1.2) of GL^^^. 



4. Examples 

Example 4.1. We consider the case where n — 1 and m is an arbitrary positive 
integer. In this case, 

GLi,^ = K M("*'^\ K = 0{1), Pi,^ = M+ X M^"*'^), 
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where = {aGR|a7^0}andM+ = {aeM|a>0}. Clearly t = and 
P* = Q* = {{x, z) \ X z E R^"*'-*^) }. Let {ci, • • • , e^} be the standard basis of 
Then 

Vo = (1, 0), r]i = (0, ei), r]2 = (0, eg), • • • , Vm = (0, e„) 
form a basis of p^,. Using this basis, we take a coordinate {x, Zi,Z2,--- , Zm) in p*, that 
is, if w e p^, we write w — xr]o + Ylk=i ^kVk- We can show that Pol(p*)^ is generated 
by the following polynomials 

p{x,z)^x, qki{x,z) ^ ZkZi, l<k<l<m, 

where z — {zi, Z2, - ■ ■ , Zm)- Let {y, v) be a coordinate in Vi^m with y > and v — 
^2, • ■ ■ ) '^m) e R^"*'^-*. Then using Formula (3.7), we can show that 

d cP' 
e{p) =2y— and e{qki) = Vt-^' 1 < k < I < m. 

We see that Q{p) and Q{qki) {1 < k < I < m) generate the algebra D(Pi^m). Although 
Q{qki) {I < k < I < m) commute with each other, 0(p) does not commute with any 
Q{qki)- Indeed, we have the noncommutation relation 

QipMqki) - QiqkiMp) = 2 6^;). 

Hence the algebra ©(Pi,™) is not commutative. 

Example 4.2. We consider the case n = 2 and m = 1. In this case, 

GL2,i = GL{2, R) >< R(^'2), K = 0{2) and GL2,i/K = V2 x R^^'^^ = ^2,1- 
We see easily that 

p* - { (X, Z) I X = *X e R(2'2\ Z e R(^'2) } . 

We put 
and 

A = (0,(1,0)), /2 = (0,(0,1)). 

Then { ei, ei2, 62, /i, /2 } forms a basis for p^. We write for variables {X, Z) e p* by 

The following polynomials 

Pi(X, Z) = tr(X) = xi + xs, P2(^, ^) = tr(X2) = + + i x^, 

e(X,Z)= Z'Z ^ zl + zl 

and 

(/?(X, Z) = ZX^Z = xi zf + X2Z2 + x^z\Z2 
are invariant under the action (3.4) oi K. 
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Now we will compute the GL2,i-invariant differential operators Di, D2, A on 
V2,i corresponding to the i^-invariants pi, p2, (fi respectively under a canonical 
linear bijection 

e : Pol(p,)'^^E)(^2,i). 
For real variables t — (^1,^2, ^3) and s — (si, S2), we have 

CXp (tiCi + t2e2 + ^363 + Sl/l + S2/2) 

'ai(t, s) a3{t,sy 
a3{t,s) a2{t,s) 



, {bi{t,s), b2{t,s)) 



where 



ai{t, s 
a2{t, s 
03(^,5 
bi{t,s 
b2{t,s 



^ + ti + ^{ti + 4) + 1^(4 + 2htl + t2tl) + ■■■ , 

1 + ^2 + ^(^2 + ^3) + ^(^1^3 + 2t2t3 + ^2) + • • • , 

^3 + ^(^1 + ^2)^3 + ^(^1^2 + ^1+^2 + ^3)^3 + • • • , 

1 1 

51 - ^(^1^1 + ^2^3) + ^{si{tl+ tl) + S2(tlt3 + ^2^3)} - 

52 - ^{Sih + S2t2) + ^ { Siih + t2)h + S2itl + ^3)} " " " 



3! 



For brevity, we write a,, bk for ai{t, s), bk{t, s) (i = 1, 2, 3, k = 1,2) respectively. We 
now fix an element {g,c) G GL2,i and write 



9 



9i 9i2 

921 92 



and c— (ci, C2). 



We put 



{Y{t,s),V{t,s))= {g,c)-explj2 



j=i 



k=l 



with 



Y{t,s) 



^y3{t,s) y2{t,s) 
By an easy computation, we obtain 



(^2,0) 



and V{t,s) = {vi{t,s), V2{t,s)). 



Vi = (s-ioi + 5-1203)^ + {91^3 + 9i2a2Y, 

y2 = (5^2101 + 5^203)^ + (fi'2ia3 + fi'2a2)^, 

ya = {91^1 + 912(13) {921(11 + 92(13) + {91^3 + 912(12) {921(13 + 92(12), 

vi = (ci + biai + 620,3)511 + (c2 + bias + 6202)512, 

V2 = (ci + 6iai + b2a3)g2i + (c2 + 6103 + b2a2)g2- 
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Using the chain rule, we can easily compute the GL2,i-invariant differential operators 
Di = e(pi), D2 = 6(P2), * = ©(0 and A = ©(</?).' They are given by 

f d \ f d d d \ 



and 



= tri ( 2Y^^ 



Q2 Q2 Q2 

3 -Di + 8 ( ?/3 — — h ym \- ?/2?/3 



dyidy2 dyidys dy2dy3 



r 52 92 1 d'2 ) 



tr 








yi 





_d_\ f d_ 
dv) [dV 

+ 2?/3 ^ ^2 ^ 

OV1OV2 0V2 



dV\ dY ) \dV 

f 2 2 f^'^ 



dyidvf dyidvidv2 dyidv2 

/ (}3 ^3 2 

\^ dy2dvf ^^^^ dy2dvidv2 dy2dvl 

+ ' 1 ^^^^ + ^ ^^^^ + ) a^^a^ + ^^^^ / 



+ 3 ( z/1 Tr::2 + 2z/3 + y2^ 



dvf dvidv2 dv. 



Clearly Di commutes with D2 but ^ does not commute with Di and D2. Indeed, we 
have the following noncommutation relations 

= 2* 
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and 



= 2(2Di - 1)^ 




dy'idvidv2 



Q3 
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